Exact results for the entanglement in 1D Hubbard models with spatial
  constraints by Kleftogiannis, Ioannis et al.
ar
X
iv
:1
90
2.
06
52
6v
2 
 [c
on
d-
ma
t.s
tr-
el]
  6
 A
ug
 20
19
Exact results for the entanglement in 1D Hubbard models with spatial constraints
Ioannis Kleftogiannisa,∗, Ilias Amanatidisb, Vladislav Popkovc,d,e
aPhysics Division, National Center for Theoretical Sciences, Hsinchu 30013, Taiwan
bDepartment of Physics, Ben-Gurion University of the Negev, Beer-Sheva 84105, Israel
cDepartment of Physics, University of Ljubljana, Jadranska 19, SI-1000 Ljubljana, Slovenia
dDepartment of Physics, Bergische Universita¨t Wuppertal 42097 Wuppertal
eHISKP, University of Bonn, Nussallee 14-16, 53115 Bonn, Germany
Abstract
We investigate the entanglement in Hubbard models of hardcore bosons in 1D, with an additional hardcore interaction
on nearest neighbouring sites. We derive analytical formulas for the bipartite entanglement entropy for any number of
particles and system size, whose ratio determines the system filling. At the thermodynamic limit the entropy diverges
logarithmically for all fillings, except for half-filling, with the universal prefactor 1/2 due to partial permutational
invariance. We show how maximal entanglement can be achieved by controlling the interaction range between the
particles and the filling which determines the empty space in the system. Our results show how entangled quantum
phases can be created and controlled, by imposing spatial constraints on states formed in many-body systems of
strongly interacting particles.
1. Introduction
Entanglement is a key concept in understanding how
quantum orders manifest in systems with many interact-
ing particles[1, 2, 3], such as the well known example
of topological order[4, 5, 6, 7, 8, 9, 10, 11, 12]. Es-
sentially the degree of entanglement can be used as a
measure for the strength of the quantum correlations in
a many-body system. In the last decades enormous ad-
vancement has been achieved in coming up with ways
to quantify the quantum orders based on entanglement
measures. Such well known examples are the entan-
glement entropy[1, 13, 14, 15] or the entanglement
spectrum[8, 16, 17, 18]. These measures require split-
ting the system in different partitions, whose reduced
density matrix can be used to calculate the entangle-
ment entropy of each respective partition. The scaling
of this entanglement entropy with the partition size, re-
veals important properties of the system, such as quan-
tum criticality.[1, 13, 14, 19]
Due to the large complexity of the many-body sys-
tems under investigation,which usually contain an enor-
mous number of particles, exact/analytical solutions of
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these problems are rarely possible and difficult to ob-
tain.
Exact methods (Bethe Ansatz and quantum inverse
scattering method) are limited to the 1D Fermi-Hubbard
model [20] and to some extent to the Bose-Hubbard
model in the low-density regime [21], while approxi-
mate and numerical approaches are used to study var-
ious aspects of the Hubbard model and its extensions,
see e.g. a recent review [22]. Among other exten-
sions, a Hubbard model with additional integrability-
breaking nearest-neighbor interactions was studied re-
cently, showing an intriguing new phase of a quantum
disentangled liquid [23].
In our paper we focus on purely nearest-neighbor in-
teraction effects and derive exact/analytical results for
the entanglement in 1D Hubbard models of hardcore
bosons[15, 24, 25], with additional spatial constraints
imposed by the nearest-neighbor interactions. Many-
body/Fock states manifest as the ground states of these
Hubbard models, as the particles organize in different
spatial configurations[26]. In this paper we provide an-
alytical solutions for the density matrix and the entan-
glement entropy for superpositions of such states, for
any number of particles and system size. We study the
bipartite entanglement and show how it varies for dif-
ferent system fillings. At the thermodynamic limit we
find that the entropy diverges logarithmically for all fill-
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ings except for half-filling, with a universal prefactor
1/2. In addition, we show how the maximal entangle-
ment can achieved by varying the filling. In overall,
our results provide a way to tune the entanglement in
Hubbard models with strong interactions, based on the
empty space in the system and the interaction range be-
tween the particles.
2. Model
The states studied in this paper can be obtained by
considering the ground state of a 1D Hubbard-like
Hamiltonian with nearest-neighbor interactions [26], in
the limit of large interaction U , when the hopping part
can be neglected, i.e.
HU = U
M−1∑
i=1
nini+1, (1)
where ni = c
†
i ci is the particle number operator, with
c†i , ci being the creation and annihilation operators for
spin-less hardcore bosons on site i. The ground state
of this system filled by N < M/2 hardcore bosons
(hereafter also called particles) has a large degeneracy,
since every spatial configuration of the particles respect-
ing the hard-core restriction on sites which are nearest-
neighbours (apart from the on-site hardcore restriction),
has the lowest energy (see figure 1 for an illustration).
We use the name NN for these states. The NN states are
separated from the first excited states by an energy gap,
equal to the strength of the nearest-neighbor interaction
U. A superposition of all possible NN states with equal
amplitudes, has the form
|Ψ〉 ≡ |M,N〉 = 1√
d(M,N)
d(M,N)∑
P
|1010100 . . .〉
(2)
d(M,N) =
(
M −N + 1
N
)
, (3)
where d(M,N) is the number of ways to distribute the
N particles on M sites, assuming at least one hole be-
tween all the particles, due to the nearest-neighbor in-
teraction. An appearance of the binomial coefficients
Eq. 3 in the sum Eq. 2 signalizes a presence of permu-
tation group symmetry in the problem. Quantifying the
impact of the hardcore constraint on nearest-neighbor
sites(spatial constraint) on the entanglement entropy of
a block is one of our objectives.
Note that the states of type Eq. (2) also arise in
Hubbard models with dynamic restrictions not allow-
ing cluster formation of the particles. For example,
Figure 1: a) The possible NN states with nearest-neighbor interaction
for N = 3 particles distributed in M = 7 sites corresponding to fill-
ing f = 3/7. The reduced density matrix of a partition containing
m=4 sites, can be written in a block diagonal form. Each block corre-
sponds to a sector according to the number of particles it contains, as
shown on the right. b) NN states with N = 4 and M = 6 for filling
f > 1/2. By applying particle-hole exchange, the NN states trans-
form to those corresponding to a system with N = 2 and M = 6,
for f < 1/2. This way, by ignoring the two empty edge sites we can
calculate the entanglement entropy for f > 1/2 by knowing the one
for f < 1/2.
the unique groundstate of the following Hubbard-like
Hamiltonian
H = U
M−1∑
i=1
nini+1
+ t
M−1∑
i=1
[(1− ni−1)c+i ci+1(1− ni+2) + h.c.],
(4)
withU > 0, t > 0 contains contribution from all the NN
states with different amplitudes, while at the limit t →
0, the state (2) becomes one of degenerate groundstates
of (4).
3. Bipartite entanglement
In this section we derive analytical results for the re-
duced density matrix and the entanglement entropy for
partitioned superpositions of the NN states described by
Eq. 2.
Due to partial permutational symmetry enjoyed by
the global pure state of the system, the eigenvalues of
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the reduced density matrix can be obtained after split-
ting the system of sizeM in two parts containingm and
M −m sites respectively, and tracing out the degrees of
freedom of the m sites. The tracing out procedure can
be characterized via a permutation group analysis.
As a result of the analysis, the number of non-zero
eigenvalues of the reduced density matrix grows not ex-
ponentially, but linearly with the subsystem sizem. Ori-
gin of all the nonzero eigenvalues have been identified,
as belonging to sectors with different symmetry and par-
ticle number and it was understood how to obtain them
analytically, via a recursion procedure. An example of
this procedure is shown schematically in figure 1(a) for
a small system. The full analytic answer has been ob-
tained for arbitrary N,M . Also, the respective thermo-
dynamic limit has been analyzed.
After tracing out the m sites, and using recurrently a
well known formula(
F + 1
N
)
=
(
F
N − 1
)
+
(
F
N
)
, (5)
after some algebra we obtain that the reduced density
matrix is split into blocks
ρM−m =
m/2∑
k=0
Ak0 |0k〉 〈0k|+Ak1 |1k〉 〈1k|
(6)
|0k〉 = |M −m,N − k〉 (7)
|1k〉 = |M −m− 1, N − k〉 ⊗ |1, 0〉 (8)
Ak0d(M,N) =
(
m− k
k
)(
M −N + 1−m+ k
N − k
)
(9)
Ak1d(M,N) =
(
m− k
k − 1
)(
M −N −m+ k
N − k
)
(10)
〈1k|1k〉 = 〈0k|0k〉 = 1. (11)
Note that the property TrρM−m = 1 is guaranteed by
m/2∑
k=0
(Ak0 +Ak1) = d(M,N). (12)
Now, the states |0k〉 , |αk′〉 are orthogonal for k 6= k′ but
they are not orthogonal for k′ = k. The overlap between
|0k〉 , |1k〉 can readily be found from the combinatorial
arguments to be
ηk = 〈0k|1k〉 =
√√√√
(
M−N−m+k
N−k
)
(
M−N+1−m+k
N−k
) . (13)
Each block withN−k particles thus contains two eigen-
values λk, µk, which can be found by diagonalizing the
2 × 2 block in (6). It is then straightforward to obtain
the relations
λk + µk = Ak0 +Ak1 = b (14)
λkµk = Ak0Ak1(1− η2k) = c. (15)
In terms of the above notations we have
λk =
b
2
+
1
2
√
b2 − 4c (16)
µk =
b
2
− 1
2
√
b2 − 4c. (17)
The set λk and µk for all 0 ≤ k ≤ m/2 gives the ex-
act spectrum of the reduced density matrix for arbitrary
system parameters.
3.1. Thermodynamic limit
First, consider the limit
N ≫ m≫ 1, N/M = f < 1/2. (18)
In this limit, analogically to [13], and denoting
p =
f
1− f (19)
q = 1− p = 1− 2f
1− f (20)
n = m− k (21)
we obtain
Ak0 ≈ 1√
2pinpq
e−
(k−np)2
2npq (22)
Ak1 ≈ 1√
2pinpq
e−
(k−1−np)2
2npq
N − k + 1
N −M + 1− n (23)
valid for npq ≫ 1. After some algebra, denoting
x =
1− k/m
1− f (24)
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we obtain
Ak0 ≡ Ak0(x) = (1− f) 1
m(1− f)g(A, x) (25)
Ak1 ≡ Ak1(x) = f 1
m(1− f)g
(
A, x− κ(f)
m
)
(26)
g(A, x) =
√
A
xpi
e−A
(x−1)2
x (27)
∫ ∞
0
g(A, x)dx = 1 (28)
∑
k
. . . ≈ m(1− f)
∫ ∞
0
. . . dx (29)
A = m
M
M −m
1− f
2f(1− 2f) . (30)
Note that the last formula is valid for comparableM ≫
1,m ≫ 1, m/M = const, and κ(f) is of order 1. Fi-
nally, in the zero non-vanishing order of 1/m, the term
κ(f)/m ≪ 1 in Eq. 26 can be neglected, and we ob-
tain the final formula for the eigenvalues of the reduced
density matrix (RDM) of the form
λk ≡ λ(x) = C0
m(1 − f)g(A, x) (31)
µk ≡ µ(x) = C1
m(1 − f)g(A, x) (32)
C0, C1 =
1
2
±
√
1− 4f2
2
. (33)
It can be proved easily that
m(1− f)
∫ ∞
0
(λ(x) + µ(x))dx = 1. (34)
Finally, we can find the von Neumann entropy (VNE) of
the RDM, S = − tr ρ log ρ, ρ being the reduced density
matrix
S(f,m,M) = −
∑
k
(λk logλk + µk logµk) ≈ (35)
−m(1− f)
∫ ∞
0
(λ(x) log λ(x) + µ(x) log µ(x)) dx.
(36)
Performing the calculations, we obtain
S(f,m,M) = Q0(
m
M
, f) +
1
2
logm (37)
Q0 = −
∑
α=0,1
Cα logCα + log
(1− f)√pie√
A/m
.
(38)
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Figure 2: a) The scaling of the bipartite entanglement entropy S with
the number of particles N, for different fillings. A logarithmic diver-
gence at the thermodynamic limit can be observed in all cases, apart
for the half-filled case f = 1/2. b)Scaling of von Neumann entropy
S with the system size M . An excellent agreement can be seen be-
tween the exact results(points) obtained by Eq. 16-17 and the curves
obtained in the thermodynamic limit via Eq. 37-38. c) Comparison
with the entanglement entropy of a Heisenberg spin chain. The differ-
ence between the entropies of the respective systems is plotted versus
the filling using Eq. 39 and a symmetry property S(f) = S(1 − f)
established in sec. 3.2. d) The entropy versus f for a chain with
M = 10000 and m = 5000 using Eq. 38. Maximum entanglement
is obtained at f ≃ 0.305 and f ≃ 0.695. For f = 1/2 minimum
entanglement with S = log(2) is achieved. An excellent agreement
can be seen between the exact results(points) and the thermodynamic
limit approximation(curve).
Thus we have the same logarithmic growth of the entan-
glement entropy of Von Neumann, 12 logm as in fully
permutational states of the Heisenberg ferromagnet at
isotropic point, see [13, 27], which is apparently due to
partial underlying permutational symmetry of the initial
pure state. The prefactor 1/2 in 12 logm is thus simply
the value of effective local spin as discussed in [27]. A
comparison between the exact results of Eq. 16-17 and
the thermodynamic limit Eq. 37-38 is shown on figure
2b.
Note that in the form (38) an arbitrary base of log-
arithm can be considered. In particular, comparing
(38) with the VNE computed for the ground state of
the isotropic Heisenberg ferromagnet, denoted below as
SHeis, see [13], we obtain
SHeis − S =
∑
α=0,1
Cα logCα − 1
2
log(1− 2f). (39)
As further analysis shows, SHeis > S for all nonzero
fillings f . This has the following interpretation: the
ground state of the isotropic Heisenberg ferromagnet is
fully permutational invariant state with no constraints
except the hard-core constraint: the minimal distance
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between two particles is equal to 1: two particles can be
at neighbouring sites. The wave function Eq. 2 has an
additional constraint of a minimal distance between par-
ticles being equal to 2. This additional constraint lowers
the symmetry of the problem, and respectively the en-
tanglement becomes smaller. The difference SHeis−S,
shown in figure 2c, quantifies this excess of entangle-
ment in a state with full permutational symmetry. The
difference SHeis−S increases with the filling f , reach-
ing a maximum at f = 1/2, since the effect of the ad-
ditional constraint with increasing number of particles
fM = N becomes more and more pronounced.
Our approach of controlling the entanglement via
spatial constraints in hardcore bosonic systems, could
be applied also to other systems that obey similar rules.
One example would be spinless fermions on a chain,
since also in this case only one particle is the maximum
occupation number per site. The corresponding state de-
scribed by Eq. 2 should contain Fock states which are
antisymmetric under exchange of two fermions, this be-
ing one of the differences with hard-core bosons, which
obey the symmetry principle instead. Nevertheless, sim-
ilar entanglement properties should be observed to the
hardcore bosonic system, as long as the fermionic sys-
tem lies in the strong interaction regime, where the
fermions behave as localized(point) particles. In gen-
eral, the entanglement properties of the ground state are
fully determined by the microstructure inside the Fock
states in equation 2 along with their superposition am-
plitudes, irrespectively of the type of particles.
3.2. Entanglement for f > 1/2
The analysis we presented so far is valid for fillings
f < 1/2, as we have considered a wavefunction of the
form Eq. 2, which has at least one hole/empty site be-
tween all the particles (minimal distance 2 between the
particles). This analysis can be easily generalized to the
states for f > 1/2 which will contain clusters of parti-
cles and a fixed number of particle pairs. These f > 1/2
states can be transformed to states with N → M − N
andM → M − 2, i.e. to those with f < 1/2. This can
be seen by taking the states for f > 1/2 (note that all
configurations for f > 1/2 have edge sites filled), ex-
changing particles with holes and tracing out the edge
sites 1 and M , see figure 1b for an example. There-
fore, the system of M sites, N particles, correspond-
ing to f = N/M > 1/2 is mapped onto a system of
M ′ = M − 2 sites, N ′ = M −N particles, with filling
factor f ′ = (M − N)/(M − 2) ≤ 1/2. Note that for
odd system sizeM and N = (M + 1)/2, only one NN
state |1010 . . .101〉 contributes to the superposition Eq.
2, leading to S = 0 for allm. The eigenvalues of the re-
duced density matrix for f = N/M > 1/2 are given by
substitutingM →M − 2 andN →M −N in Eq. 16-
17. In the thermodynamic limit, the configurations with
fillings f > 1/2 are mapped onto configurations with
fillings f ′ = 1 − f , leading to logarithmic behavior of
the entropy for all f 6= 1/2.
3.3. Entanglement control
Another point of interest is the dependence of the
entanglement strength on the filling. In figure 2d, we
plot S versus the filling using Eq. 38(curve) and com-
pare with the exact result using Eq. 16-17(points). The
case M odd and N = (M + 1)/2 which gives S=0,
is not present in figure 2d, since the system size M is
even. The entropy is symmetric around f = 1/2 where
S = log(2), due to the f → 1−f symmetry, as we have
analyzed in the previous section. The entropy obtains a
maximum value at f ≃ 0.305 and f ≃ 0.695 leading
to a maximally entangled quantum phase, irrespectively
of the partitioning as long as both fm, fM are large
(the asymptotic value f ≃ 0.305884 is obtained in the
limit m,M → ∞). The maximization of the entropy
at this filling is a consequence of the spatial restrictions
due to the nearest-neighbor interaction, that impose the
constraint of a minimal distance 2 between the parti-
cles. Changing this minimal distance by controlling the
interaction range, for example by adding a second near-
est instead of nearest-neighbor interaction term in the
Hamiltonian, will lead to different fillings where the
maximum entanglement occurs. Consequently the en-
tanglement strength in superpositions of states like the
NN ones considered in the paper, can be tuned by the
system’s filling and the range of interaction between the
particles.
4. Summary and Conclusions
We have studied analytically the entanglement prop-
erties of NN states, which appear as the ground states of
Hubbard chains of hardcore bosons, with strong nearest-
neighbor interactions i.e. 1D Hubbard models with spa-
tial constraints. We have derived exact expressions for
the entanglement entropy and the reduced density ma-
trix for partitioned superpositions of the NN states. We
have done that for any number of particles and system
size, whose ratio determines the system filling.
We show that the bipartite entanglement entropy di-
verges logarithmically for all fillings, apart from half-
filling, as in the critical phases of XY spin chains. We
present a detailed analysis of the mechanism that cre-
ates the entanglement and make a comparison with the
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entanglement of spin chains. The entanglement entropy
obtains a maximum value for specific fillings, reveal-
ing a maximally entangled quantum phase. In overall,
the conditions under which this phase occurs are deter-
mined by the spatial restrictions imposed by the empty
space in the system and interaction range between the
particles.
In conclusion, we show analytically how the entan-
glement can be tuned in Hubbard models with strong
nearest-neighbor interactions, by controlling the empty
space in the system and the nature of the interactions
between the particles, which impose spatial restrictions
on their self-organization. We hope that our results mo-
tivate further investigations on the mechanisms that al-
low controllable entanglement in many-body systems,
to reveal novel quantum phases of matter and help with
their potential application in the rapidly evolving field
of quantum information technology.
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